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Abstract
The Fibonacci spiral starts abruptly, at a corner of its first square. We run the rule
that builds it backwards from that corner, with squares of sides %, %, %, .... Each new arc

continues the one before with the same tangent, the whole lead-in has length 7/2, the length
of the spiral’s own first arc, and the arcs converge to an exact point, H = (%, —%) when
the unit square is centred at 0. This point is hidden: it is not in the unit square but in
the next square of the grid. It is the mirror image of Holden’s crossing H, = (%, —%) in
the side the two squares share, so it is one of the eight origins of the neighbouring square,
the origin of the mirror-image tiling that starts there; it also lies on the circle through the
four corners of the unit square. The halving squares and the unit square are one geometric
sequence under the spiral similarity z — H’ — %(z — H’), so, as for any such sequence,
their centres lie alternately on two perpendicular lines through H’ and H’ lies on the circle
through the corners of every square; here the lines have slopes 7 and —%, and the second
passes through the centre of the unit square. For a lead-in of any constant ratio g between
0 and 1 the limit is known to lie on the circle through the corners of the first square; we
write it as the corner turned about the centre by —2 arctan ¢ and show that it is an origin
exactly for ¢ = % and g = %, which turn the corner by the two acute angles of the 3-4-5
triangle. For ¢ = 1/¢ it is the classical pole of the golden rectangle, which is \/gHo and
lies on Holden’s line through the centre. All statements are elementary; the rational ones

are verified in exact arithmetic.

1 Setting and names

We use the frame of [5]. The unit square has its centre at O = 0 and corners 4% + 4; points
are complex numbers z = z+iy, and E = %—i— %z is the top right corner. The Fibonacci tiling is
built from the unit square by attaching squares of sides 1,2, 3,5, ... below, to the right, above
and to the left, in turn, and its spiral is drawn by one rule: in square k, of side s, the arc is
the quarter circle of radius s,

about ¢, = P, — s, 1", from P,_; to P, = Py_; + s;,i"(i — 1), (1)
starting from Py = E. For k = 1 this is the arc about the corner + — 1i from E to —1 — 14,
the first arc of the spiral; for k = 2 it is the arc about the same corner % — %i, now the top

right corner of the second square, below the first, and so on. Equivalently P, = ¢, + s, i*".

The centres of the squares lie alternately on Holden’s two lines [1, 2],  + 3y = 0 through O
and 3z —y = 1, which cross at Holden’s crossing

As in [5], p = /0.1 is the origins unit, the circle of radius p about the centre of a unit square
is its circle of origins, and the eight points where that circle meets the four diagonal arcs of
the square, (i%, i%) and (i%, i%) from its centre, are its eight origins, one for each of the
eight tilings obtained from the Fibonacci tiling by the symmetries of the square; H, is one of
them. The unit grid is the grid of unit squares centred at the points with integer coordinates;
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its squares are cells of the plane, not tiles of the Fibonacci tiling. We call the cell with centre
1

1, which shares the side x = 5 with ours, the neighbouring square. A tiling that starts from the
neighbouring square is one of the eight tilings of [5] shifted by 1; it overlaps ours, and its origin
is the corresponding origin of the neighbouring square. Finally we call the circle |z| = v/2/2
through the four corners of the unit square the corners’ circle.

The rule (1) cannot simply be run backwards with Fibonacci sides: before 1,1 come 0 and
then 1,—1,2,..., and a square of side 0 ends the spiral at £. To continue it, a choice of sides

is needed. The simplest choice keeps the rule and halves the side at each step back.

2 The halving squares

Definition 1. The halving squares are the squares k = 0, —1, —2, ... of sides s, = 2!, that is

%, i, %, ..., placed and drawn by the rule (1) run backwards from P, = E:

P, =P, —s,i%(i—1), E=0,—1,-2,..

Square k has corners c;, Py, P,_; and P, + P,_; — ¢;, and the arc in it, about ¢, joins Pj,_;
to P.

The first halving square (k = 0) is [3, 1] x [0, 3], against the right side of the unit square; its
arc, about %, runs from 1 to . At E both this arc and the first Fibonacci arc have their centres
straight below E (at % and at % — %z), so they have the same horizontal tangent there and the
spiral passes through E without a corner; only the radius changes, from % to 1, as it does at
every Fibonacci junction except the first. The next squares are [2,1] x [—1,0], [2, 3] x[—1, —1],
..., each against half a side of the one before, winding inwards inside the neighbouring square
without overlapping one another or the unit square (Figure 1). They lie in the region covered
by the third Fibonacci square, [%, 3] x [—3, 1]: the lead-in is drawn over the tiling, not added
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to it.

Theorem 2 (the hidden origin). The ends P}, of the halving arcs converge to

with P_,,, — H' = (—4)™(E — H’), so each step back brings the spiral twice as close to H' and
turns it a quarter turn about it. Each arc continues the one before with the same tangent, and
the whole lead-in, from H' to E, has length g(% + i + ) = 5, the length of the first arc of the
spiral.

Proof. The steps P, — P, = 2F1ik(i —1), k= 0,—1, ..., are 3(i — 1)(—%)™ with m = —k, a
geometric series of ratio —%. Their sum is 1(: —1)/(14+ %) = (i —1)/(2+i) = £ (=1 + 3i), so

the limit is £ — %(—1 +3i) = 1—70 — %i. The tail after m steps is the same series multiplied by
(—%)™, which gives P_,, — H’. At each junction P, the radii to the two arcs, P, — ¢, = s, i**!
and P, —cy,q = 8,1 °"1, are positive multiples of the same direction, so the two arcs have the
same tangent there and lie on the same side of it; this holds for any sides, Fibonacci or halving.

The arc of square k is a quarter circle of radius sy, of length Fs,, and >, 05k = 1. O]

Proposition 3 (where H' is). (a) H’ is the mirror image of Holden’s crossing H, in the
side T = % shared by the unit square and the neighbouring square.

(b) |H — 1| = p: H' lies on the circle of origins of the neighbouring square and is one of its

eight origins, namely the origin (Holden’s crossing) of the mirror-image tiling that starts
1

from the neighbouring square, the image of our tiling under the reflection in v = 3.

(c) |H'| =~/2/2: H' lies on the corners’ circle of the unit square.



(a)

mirror

Figure 1: (a) The first two arcs of the Fibonacci spiral (blue) and the halving squares and their arcs
(red), which lead into the corner E from the hidden origin H’. H’ is the mirror image of Holden’s
crossing H|, in the shared side (purple), lies on the circle of origins (gold) of the neighbouring square
(dashed), and on the corners’ circle of the unit square (dotted); the unit square’s own circle of origins,
through H,, is also shown. (b) Enlarged: the centres of the halving squares (green) lie alternately on
two perpendicular lines through H’, of slopes 7 (dashed) and —1/7; the line of slope —1/7 continues to
O (outside the panel). H’ lies on the circle through the corners of every halving square (dotted, first
three shown).

Proof. (a) The reflection is x+iy - (1—z)+iy, and 1—3 = L. (b) [H'—11? = Z-4+ 3 = L.

The reflection in z = % maps the unit square to the neighbouring square, its circle of origins to
theirs, and the tiling with its Holden crossing H|, to a mirror-image tiling with Holden crossing

49 1 _ 1
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So the spiral, followed backwards from its first corner, does not end in its own square: it
ends at a point of the neighbouring square, at the origin of that square’s mirror tiling. It is
not one of the unit square’s own eight origins; it is found on the circle of origins of the square
next to it.

3 One similarity: centres and lines

Theorem 4. Let f(z) = H' — (2 — H'), the quarter turn clockwise about H' followed by
halving.

(a) f maps the unit square, with its arc, onto the first halving square, with its arc, and each

halving square, with its arc, onto the next. In particular f(E) =1 and f(—% - %z) =F.

(b) Writing square —1 for the unit square (s = 1, centre O) and numbering the halving squares
J=0,1,2,.. (sides; = 27971 50 square j is square k = —j above), the centres are

C,;= H’+1—0(1+7z)( i)7, j=-1,0,1,2,..

(c) The centres Cy,Cy, Cy, ... lie on the line of slope 7 through H', and O = C_,, C;,Cs, ...
on the perpendicular line of slope —= through H’, which is the line x + Ty = 0 through O.



(d) |C; — H'| = sj/ﬂ: H’ lies on the circle through the four corners of every square of the
sequence, the unit square included.

Proof. (a) f(E) = {5 — &i— (-t +2i) =1 and f(—3 — %i) = 15 — 15i — (=8 — 2i) = E;
and f (% — %z) = %, the centre of the first halving arc. A similarity that maps the centre and
both ends of a quarter circle to the centre and ends of another maps the one onto the other,
and the square on that arc onto the square on the image. At every later step: by Theorem 2,
f(P,) = P,_, for all k < 1, since f multiplies P, — H' by —% and f(P;) = E; and since
flz+w) = f(2) = fwand s,y = 355, f(c) = f(Pyoy) + 55, 3" = Pog— 51" = ¢y (D)
fO)=H 1+ =3+1i=Cj, and C_;, =0 = H' + (1 +T7i)i since (1 + 7i)i = —7 +i.
Each application of f multiplies C; — H" by —3, which is the step from j to j + 1 in the
formula. (c) The two lines are perpendicular because f turns by a quarter turn, as for any
quarter-turn similarity (for golden squares this is in Hoggatt and Alladi [3]); their slopes are
those of 1+ 7i, namely 7, and of (1+ 7i)(—i) = 7—14, namely —. The line of slope —1 through
Hisz+Ty={— 1 =0. (d) |1+ 7i] = V50, so |C; — H'| = sj\/%/lo = sj/\@, half the
diagonal of square j. (That the limit point of whirling squares of any constant ratio lies on the
circumcircle of every square was proved by Silveira [4, Thm. 2.6].) O

Remark 5 (Holden’s lines and the new lines). Holden’s lines have directions 1+ 3¢ and 3 —i =
—i(1 + 3i); the new lines have directions 1 + 7i and 7 —1i = —i(1 4 74). In Gaussian integers

14+3i=(14+14)(2+1), 14+ 7i=(1414)(4+ 3i), 4+3i=1i(2—1)?:

both are the diagonal direction 1 + ¢ turned, Holden’s by the angle of 2 4 1, arctan% = 26.57°,
and the new one by the angle of 4 4 34, arctan% = 36.87°, one of the two acute angles of the 3-
4-5 triangle that separate consecutive origins in [5]. Both lines through O, Holden’s x + 3y = 0
and the new z + 7y = 0, pass through an origin: H,,, an origin of the unit square, and H’, an
origin of the neighbouring square.

4 Other ratios

The halving ratio is a choice. Any constant ratio ¢ with 0 < ¢ < 1 gives a lead-in by the same
rule, with sides ¢, ¢2, ¢>, ...; its first square is [%, % + q] x [% —q, %], against the right side of
the unit square, and its arcs continue the first arc with the same tangent at every junction.
For ¢ < 1/¢p the squares fit against one another without overlapping; for ¢ = 1/¢ they are the
whirling squares that, with the unit square, fill the golden rectangle [—%, % + i] X [—%, %] For
q > 1/¢ the squares overlap (since ¢®> + ¢ > ¢), and only the curve and its limit behave as
below.

Theorem 6. The lead-in of ratio q, 0 < ¢ < 1, converges to

1—1q
Lig) =B
+ 12q

the corner E turned clockwise about O by the angle 2arctanq. All these limits lie on the

corners’ circle (as Silveira proved for any ratio [4, Cor. 2.7]), on its quarter from E to % - %i,
inside the neighbouring square. The lead-in has length 3 q/(1 — q), which equals the length 5

of the first arc exactly when q = %

Proof. The steps P, — P,,_; = s,,i*(i — 1), k = 0,—1, ..., with s, = ¢'7%, form a geometric
series with first term ¢(i — 1) and ratio —iq. So L = E—q(i—1)/(1+1iq), and since i —1 = 2iF,
L=E(1+iqg—2iq)/(1+iq) = E(1 —iq)/(1 +iq). For real ¢, |1 —iq| = |1 + iq|, so |L| = |E|,
and (1—iq)/(1+iq) has argument —2 arctan g, which lies between 0 and —90°. The arc lengths
are Z(q+q* + ). O



Corollary 7 (which ratios end at an origin). Among all ratios 0 < q < 1, the limit L(q) is an
origin of a square of the unit grid exactly for

1. g =1 _ 1, — 1. _ 7 4 1;
g=3: L=H =5~ 15t and  q¢=3: L= 5+ gl

They turn E by arctan 3 = 53.13° and arctan 3 = 36.87°, since (1 — %)/(1+ %) = 22 and
(1—%)/(1+%) = 452, These two points are ezactly where the corners’ circle of the unit square
meets the circle of origins of the neighbouring square. The limit for ¢ = % is the image of H,,
under the half turn about the midpoint % of the shared side: the origin of the half-turned tiling

that starts from the neighbouring square.

Proof. The origins of the squares of the unit grid are the points whose coordinates, in tenths,
are = +3 and = +1 (mod 10) in either order. On the corners’ circle, 22 + y? = %, the points
with coordinates in tenths (a,b) have a® + b? = 50, so (a,b) is (£7,41), (+1,+7) or (+5, £5);
the last four are the corners and are not origins. Of the eight others only (7,+1) lie on the
open quarter of Theorem 6, and since the angle 2 arctan ¢ increases with ¢, each is reached by

exactly one ratio, g = § and ¢ = §. Solving |22 = J, [z — 12 = } gives 20— 1 = 2, 2 =
y = +15. Finally 1 — (55 — ) = 15 + 7. 0

Thus the two ratios that end at an origin end at the images of H;, under the two symmetries
that swap the unit square and the neighbouring square and keep their shared side: the mirror
in that side (¢ = %) and the half turn about its midpoint (¢ = %) Only the halving lead-in
has the length of the first arc.

Proposition 8 (the golden lead-in). For ¢ = 1/¢, ¢ = (1 +/5)/2, the limit, which is the
classical pole of the golden rectangle formed by the unit square and its golden lead-in, is

L(1/p) = VB Hy = 345 — Y3,

on Holden’s line x + 3y = 0 through O and Hy, at /5p from O. The turn is 2arctan(1/p) =
arctan2 = 63.43°.

Proof. (p—i)/(p+1i) = (p—10)2/(p?> + 1) = p(1 —2i)/(p + 2), using p?> = ¢ + 1. Then
Ep(1-2i)/(p+2) = L(3—i) ¢/(p+2), and p+2 = 55 = \/5 o, 50 the limit is (3—7)/(2V/5) =

V5 (3 — Li). For the angle, tan2a = 2t/(1—t?) = 2 with t = 1/¢, since 1 —1/¢p? = 1/p. O

5 Further remarks

1. The same holds for each of the eight tilings of [5]: the symmetry of the square that maps
our tiling to another maps its halving squares and its hidden origin to that tiling’s, so each
of the eight spirals has a hidden origin in one of the four neighbouring squares, at the mirror
image of its own origin in the side against which its first halving square lies.

2. The Fibonacci tiling itself is not self-similar (the ratios Fj,_/F), only tend to ¢), so it has
no fixed point of this kind; the halving lead-in is exactly self-similar, and H’ is its centre.
Squares shrinking by a constant ratio and their pole are classical (for the golden rectangle,
the well-known pole of the golden spiral). For any ratio the pole lies on the circumcircle
of every square and of the first square [4], and for in-winding golden squares the centres lie
on two perpendicular lines through it [3]; with ratio % and the unit square as first square,
Silveira’s formula for the pole [4, Thm. 2.3] gives H’ (and with ratios £ and 1/¢ it gives
1—70 + %i and v/5 H,). What we have not found in the literature is the reading of this point
as an origin of the neighbouring square, the mirror image of Holden’s crossing; the ratio %
and the half turn; the lines of slopes 7 and —% through O; and the golden pole on Holden’s
line.



Figure 2: The limits L(q) of the lead-ins of ratio 0 < ¢ < 1 (red) run along the corners’ circle (dotted)
from E towards the corner below it (the end values ¢ — 0 and ¢ — 1). Only ¢ = 1/3 and ¢ = 1/2 end

on the circle of origins of the neighbouring square (gold, right), at its two origins 1—70 + %i. The ratio

q = 1/¢ ends at /5 Hy, on Holden’s line through O and H, (green); the gold circle on the left is the
unit square’s own circle of origins, through H,,.

3. In the author’s Spiral Workbench the halving lead-in is drawn for all eight spirals, and
H’, where the spiral starts, is one of the centres about which the spirals can be turned:
https://lluisgarcia.github.io/The-Pentametric-Cycle/spiral-workbench/.

4. Exact checks: verify_halving.py (the rational statements in exact Gaussian-rational
arithmetic, the golden case numerically); figures: figs_halving.py. Repository: https:
//github.com/1luisgarcia/The-Pentametric-Cycle.

Acknowledgements and use of AI. The idea of continuing the spiral inwards by halving
the squares, the observation that it ends at the origin of the neighbouring mirror square, and
the name are the author’s, found in the Spiral Workbench (an interactive page built for this
study with Claude Code). Claude (Anthropic, Opus 5.5) was used to compute the limit and
the lines in exact arithmetic, to find the general form for other ratios, to search the literature,
to prepare the figures and to help draft the text, and two further independent Claude sessions
checked the statements and the references; the author checked and approved every statement.
Licence: CC BY 4.0 for this note, MIT for the Python scripts.
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