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Abstract

We start from one point, the centre O of the unit square, the origin of origins. Each
diagonal arc of the square, the quarter of the circle of radius 1 about one corner that joins
the two opposite corners next to it, meets a circle about O whenever the radius lies between
1—+/2/2 and v/2/2. We prove that exactly one of these circles has the following property:
the tangent at a crossing with a diagonal arc passes through an end of that arc, a corner of
the square other than the crossing itself. It is the circle of radius v/0.1, which we call the
origins unit, and of area exactly 7/10: one tenth of the circle of radius 1 that the diagonal
arcs come from. We call it the circle of origins. It meets the four diagonal arcs in eight
points, (:I:%, +15) and (:I:%, :l:l%), the eight origins. The eight symmetries of the square
turn the Fibonacci tiling into eight tilings, each with its own spiral (four, and their four
mirror images), and each of the eight origins belongs to one of them. In connection with
the two lines through the centres of the squares found by Holden (1975): the crossing of the
lines is an origin, lying on a diagonal arc; one line is the tangent of the circle of origins there,
which passes through an end of that arc, and the other is the perpendicular there, which
runs through O to the opposite origin. Seen from O, consecutive origins are arctan(4/3) and
arctan(3/4) apart, the angles of the 3-4-5 triangle, and enclose areas of exactly 3/100 and
4/100; alternate origins form two squares of area 1/5, whose eight crossing points are the
vertices of two squares, of areas 1/8 and 1/9. All statements are elementary; the rational
ones are verified in exact arithmetic.

1 Setting and names

The unit square has its centre at O = (0,0) and corners (+3,+3); we write E = (3, 3). For a
corner K, the diagonal arc Ay is the quarter of the circle of radius 1 about K that joins the

two corners next to K. These two corners are opposite corners of the square, so A is a curved

diagonal; its ends E’ satisfy E’ - K = 0 and |E’|? = 1. The four diagonal arcs are drawn in

Figure 1. The Fibonacci spiral is made of such arcs, one in each square of the tiling; in the
first square it is one of these four.

We build the tiling by attaching squares of sides 1,1, 2,3,5,8, ... below, to the right, above
and to the left, in turn; the centres are C; = (0,0), C, = (0,—1), C3 = (3,-1), C, = (1,2),
C5 = (—3,1), ... Holden [1] proved that the centres lie alternately on two perpendicular lines,
of slopes 3 and —1/3 whatever the first two sides, and gave their distances from the crossing of

the lines in closed form, d; = (f; 5 + f;_3)/(2/10), with d;,, = d;. | + d;; his tables list dv/10,

1

which for the Fibonacci tiling are 3,4,7,11,18,.... Gardiner [2] gave the lines in coordinates
centred on the first square, as y = 3z and 3y = —(z — 1), whose crossing is at (75, 2), at

distance 1/4/10 from that centre. Our frame is Gardiner’s turned a quarter turn about O, and
in it the lines are
z+3y=0 and 3r—y=1,

which cross at Hy = (35, —15), and |C,Hy| = L;./v/10, where L;, = 1,3,4,7,11, ... are the Lucas

numbers: with Fibonacci sides, Holden’s closed form and the identity F,, 3 + F,_3 = 2L, give
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Figure 1: The four diagonal arcs, the circle of
origins and the eight origins. At H,, the tangent of
the circle, the even line (dark red), passes through

Circles about O of other radii

Figure 2:
(dashed), with the tangent at their crossing with
the same diagonal arc (grey). Only for 72 = 1/10

does the tangent pass through the corner E. The
smallest circle just touches the arc (r = 1—+/2/2).

the corner E. The odd line (green) is the perpen-
dicular at H,, through O to the opposite origin
@, and also the tangent at O of the equal circle
about the origin N (dashed). These are Holden’s
lines; the origins grid, of side p, is shown faintly.

exactly L, /v/10, (Holden’s f; is our F_;, so his index i is our k — 1), though Holden does not
name the Lucas numbers; for the first square, directly, |Cy Hy| = |H,| = 1/v/10. We keep the
name Holden’s lines for these two lines and Holden’s crossing for H, which is what Holden
found. Following Gardiner [2], who numbered the squares from the first, we call x 4+ 3y = 0,
through the centres of the odd-numbered squares, the odd line, and 3z — y = 1, through the
centres of the even-numbered squares, the even line.

Names. We call O the origin of origins (3 dpxn rév dpxav). The circle about O of radius
p = V0.1 = 1/3/10 we call the circle of origins (6 xikhos rav dpyav); its area is mp? = /10,
exactly one tenth of the area 7 of the circle of radius 1 that the diagonal arcs come from, and
its circumference is 27/v/10. The eight points where it meets the diagonal arcs (Corollary 4)
we call the eight origins, because they are the points from which lengths are counted in steps
of p: each origin is exactly one step from O, and in each of the eight tilings the centres of
the squares are a whole number of steps, L,, from its origin (as above, and Section 3). We
therefore call p the origins unit. In [3] the same length was called the Holden unit; the reason
for the new name is given in Remark 8.

2 The circle of origins

A circle about O of radius r meets the diagonal arc A exactly when 1 — g <r< g: the
arc comes closest to O at its midpoint, at distance 1 — |K|=1— @ ~ 0.293, and is farthest at

its ends, at distance g For every such radius there is a crossing, and a tangent to the circle
there. Only one radius makes that tangent go through an end of the arc.

Theorem 1. Let p be a point where the circle |p| = r meets the diagonal arc Ay. The tangent
to the circle at p passes through an end of Ay if and only if

20r* — 1272 +1 =0, that is 7“2:% or r :%.



For r? = % the crossing p is that end itself, so the condition holds only trivially. The circle
of origins is therefore the only circle about O whose tangent at a crossing with a diagonal arc
passes through an end of that arc other than the crossing z'tself.

Proof. Write t = r?. From [p— K[> =1, |p|*> =t and |K|?> = § we get p- K = (¢t — ). The
tangent at p is the hne x - p = t; it passes through the end E’ exactly when p - E/ = t. Since
K and E’ are perpendicular and both of length 1/v/2, p =2(p- K)K +2(p- E') E’, so

b= bl =20p- K)P 4 2(p- ) = (0~ §)° + 262
which is 20#2 — 12t + 1 = 0, with roots ¢ = i and t = % (discriminant 64 = 82). For t = %,
p-K=0andp-E' =z, sop=F. Conversely, for each root the point p = 2(p - K)K + 2tE’

lies on both circles, and on the quarter arc Ay itself: for t = {5 and K = (—3,3), B/ = E,
it is p = (3, —15), with p — K = (3, —2) between the directions (1,0) and (0,—1) of the two
ends; the other cases follow by the symmetries of the square. O

Remark 2. The trivial root 7% = % is the circle through the four corners. It meets the diagonal
arcs only at their ends, so it gives four points, not eight, and its tangents there have slopes
+1 (for example y = x + 1 at the corner (—%, %)) they are not lines of the origins grid, and
none of them is one of the two lines of Holden’s theorem for any of the eight tilings (those
have slopes +3 and i%: 3 and —% for the four rotations, —3 and % for the four reflections).
Its radius \/7 VB p is the diagonal of two cells of the origins grid side by side, since
<_%’§) 2(10? 110)+(T107%>'

Remark 3. The other two corners are not ends of Ay . The tangent can never pass through K
itself (p- K =t would need t = —31). It does pass through the far corner —K when p-(—K) = t,
that is t = ¢; but then p- B/ = +1/ (3v/2), so this crossing has irrational coordinates and is
not a node of the origins grid (Section 3). Figure 2 shows circles of other radii: their tangents

miss the end E of the arc.

Corollary 4 (the eight origins). For r? = % the crossings are p = —fK + IE/ two on each
diagonal arc (one for each end):

(£3,+5) and (+:5,+£5),

etght points in all. We call them the eight origins. The circle of origins meets the diagonal arcs
nowhere else, and its area is wp* = w/10.

Proof. Put t= 10 inp=2p-K)K+2(p-E')E’, with p- K = —l and p- B’ = 1 . The circles
Ip|> = 15 and |p — K|?> = 1 meet only on the line p - K = —£, so 1n at most two pomts O

3 Connection with Holden’s lines

Proposition 5. Holden’s two lines are built from the circle of origins at the origin Hy =

(+%,—15), Holden’s crossing, where the circle crosses the diagonal arc about (—3, 3):
(a) the even line 3z —y = 1, through the centres Cy,Cy, ... of the even-numbered squares,

is the tangent of the circle of origins at H,; it passes through the end E of that arc
(Theorem 1);

(b) the odd line = + 3y = 0, through the centres Cy,Cs,... of the odd-numbered squares,
is the perpendicular to that tangent at H,, extended through O to the opposite origin
Q=—-H,=(— 30, 10) on the opposite diagonal arc. It is also a tangent of a circle of the
same area 7/10: the circle about the origin N = (—1—10, —%), a quarter turn from H, (or

about —N ), which it touches at O.



They cross at right angles at H,,.

Proof. (a) |Hy|> = &, and 3z —y = 1 is the line - Hy = |Hy|* scaled by 10; 3-1 — 1 = 1.

(b) The direction (3,—1) of OH,, is the normal of the tangent, so the perpendicular at H is
the line through O and H,,, that is x + 3y = 0, and it meets the circle again at —H,,, which

lies on the diagonal arc about (3, —3) since | — Hy — (5,—3)| = |(—%,2)| = 1. The distance
from N to z 4+ 3y = 0is |—15 — 15//V10 = 1/V/10 = p, and the foot of the perpendicular is
N+(1,3)=0. O

The same holds for the whole origins grid, the lines 3x —y = 1+ m and = + 3y = m
(m € Z), a tilted square grid with cells of side p (called Holden’s grid in [3]; Holden’s paper
has no grid, so we rename it after the origins unit): consecutive lines are p apart, so each line
is a tangent of the circles of area 7/10 about the nodes next to it. The spacing of the grid is
the radius of the circle of origins, and the distances of the centres from H|, are whole multiples
of it, L;p (Section 1). Note that H, does not lie on the spiral’s own first arc, which is the arc
about (%, —%); it lies on the first arc of the opposite spiral, the half-turned one. The point
QR=—-H,= (—%, %), where the odd line crosses the spiral’s own first arc and which was the
starting point of [3] (there Q = —P), is one of the eight origins.

Theorem 6 (eight origins, eight spirals). The eight symmetries of the square (four rotations
about O and four reflections) map the tiling to eight tilings, each with its own spiral, and map
H, to the eight origins, one each; we call the image of H, the origin of that tiling (it is that
tiling’s Holden crossing, and lies on the first arc of the opposite tiling). At each of the eight
origins, Holden’s lines of its own tiling come from the circle of origins: one is its tangent there,
the other the perpendicular to it, through O to the opposite origin (Figure 3).

Proof. Each symmetry fixes O, preserves the circle of origins, permutes the four diagonal arcs,
maps origins to origins, and carries tangents to tangents and square centres to square centres.
The point H, lies on no axis of symmetry of the square, so its eight images are distinct, and
they are the eight origins of Corollary 4. Proposition 5 then holds at every origin for the tiling
it belongs to. O

Remark 7 (opposite spirals share the odd line). The half turn about O maps the spiral to its
opposite. It maps the odd line z + 3y = 0 onto itself, because the line passes through O, so
both spirals have their odd centres on the same line, which joins their two origins H, and —H,,.
Their even lines are different: 3x—y = 1 and 3z —y = —1, the two parallel tangents of the circle
of origins at H, and at —H,. The same holds for each of the four pairs of opposite origins.
Each of Holden’s lines has slope +3 or j:%, so it cuts every square whose centre it carries at
the thirds of two opposite sides. Thus the odd line cuts the unit square at (i%, :F%), and the

Figure 3: The eight Fibonacci spirals of Theorem 6, all growing out of the unit square (rotations solid,
reflections dashed). Drawn with the author’s Spiral Workbench, https://1luisgarcia.github.io/
The-Pentametric-Cycle/spiral-workbench/.
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opposite spiral’s even line 3z — y = —1 cuts that spiral’s second square, centred at (0,1), a
(—%, %) and (6, 2) the same pattern, turned a quarter turn. Indeed that second square also
has side 1, so it is itself a unit square, with its own origin of origins at its centre (0, 1); seen
from there, the line 3z —y = —1, which passes through (0, 1) with slope 3, is the odd line of the
tilings that start from that square turned a quarter turn. The line through the even centres of
one spiral is, flipped, a line through the odd centres of a spiral that starts from the next unit

square.

Remark 8 (what is Holden’s and what is new) Holden (1975) proved that the centres lie on
two perpendicular lines of slopes 3 and —=, and gave their distances from the crossing in closed
form; his tables list dv/10, which for the Flbonacm tiling are the Lucas numbers 3,4,7,11, ...
(he does not name them). Gardiner (1984) gave the lines in coordinates centred on the first
square, which puts the crossing 1/4/10 from that centre. We have not found the following in [1]
or [2]: that the crossing lies on a diagonal arc of the first square; that the tangent there passes
through an end of that arc; that the circle of area 7/10 is the only circle about the centre with
this property; and the eight origins and eight spirals that follow. Neither paper uses a grid. In
[3] this length was called the Holden unit; here we call it the origins unit.

The origin of origins is itself a node of the origins grid, so the circle of origins touches the
four grid lines next to O: at Hy, at Q = —H,, and at £(55, +5), four of the eight origins. The
other four are the touching points of the mirror-image grid.

4 Angles, areas and squares

Proposition 9. Seen from O, consecutive origins are alternately arctan(4/3) = 53.13° and
arctan(3/4) = 36.87° apart, the two acute angles of the 3-4-5 triangle. The triangles they form
with O have areas exactly ﬁ and 130, and two consecutive gaps together (90°) enclose %00.
The chords between consecutive origins are /0.08 and 1, in the ratio \/2.

Proof. For example (15, —15) and (55, 15) make an angle With cosf = 81//11000 =% and (3, %),
L3 one with cos@ = 2. The area of the triangle is p 2sinf = —sm@ with sinf =
10’ 10 5

33,1 O

Proposition 10. (a) Alternate origins form two squares, (35, 75), (—15:15): (—15.—15)>

L 3 and its mirror image, each of side v/0.2 and area L : the square on the diagonal
10° 10 9 5 g

of a cell of the origins grid.

(b) The tangents to the diagonal arcs at the four vertices of each of these squares are 1% from

9
O and form a square of side 3 =, area 5e.

(¢) The two squares of (a) cross in eight points at exact 45° steps around O, at distances %

and % alternately (Figure 4). These eight points are the vertices of a square of area %,
with vertices (+%,0), (0,4+%), and a square of area % (side %), with vertices (j:%, j:%).

Pgoof (a) The squared distance betweeri allterna‘ie ogigins is (%) 3+ ()% = % (b) At p =
(3, —15) the radius of the arc is p — (—3,1) = (3,—2), and [(£,—2) - p| = 2; the four radii
point in two perpendicular dlrectlons (c) The first square is |z + 2y| < 3, 2z —y| < =, and
its mirror image is |z — 2y| < 2z +y| < 1 The sides x + 2y = 5 and 2r+y =5 meet at
(3, %), and the sides 2z —y = 3 and 2z +y = 3 at (},0), both 1n81de the segments. The rest
follows by the symmetries of the square. O



Figure 4: The two squares of alternate origins (blue, red; area 1/5 each) cross in eight points, the
vertices of a square of area 1/8 (gold, dashed) and a square of area 1/9 (dotted). Shaded: the triangles
of areas 3/100 and 4/100 between consecutive origins.

5 Remarks

1. The construction was first seen from one point, (), which the author called a “second origin”
(it is the crossing @ = —P of [3]). Theorem 6 shows there is nothing second about it: there
is one origin of origins, O, and eight equal origins around it.

2. Every arc of each of the eight spirals is exactly the diagonal arc of its own square, so each
spiral is built, at every size, from one and the same exact shape. The factor from one square
to the next, F,,,/F, = 1,2, %, g, ..., is not constant (it tends to the golden ratio), so no
single enlargement maps a spiral onto itself; in that sense it differs from the golden spiral.
The circle of origins, the eight origins and Holden’s lines are exact at every size.

3. The origins unit is also the step of the author’s Pentametric spiral [4], where the square of
area B (n) lies n units from the crossing and the perfect squares occur exactly at the Lucas
numbers, the Fibonacci squares. That connection will be treated in a separate note.

4. Exact checks: verify_origins.py (the rational statements exactly, the angles numerically);
figures: figs_origins.py. Repository:
https://github.com/lluisgarcia/The-Pentametric-Cycle.

Acknowledgements and use of AI. The eight origins, the circle of area 7/10, the reading
of Holden’s lines as tangents of circles of that size, the observation that circles of other radii
give tangents that miss the corner, the eight spirals and the names are the author’s, found in
GeoGebra and in the Spiral Workbench (an interactive page built for this study with Claude
Code). Claude (Anthropic, Opus 5.5) was used to verify the statements in exact arithmetic,
to put the uniqueness in algebraic form, to prepare the figures and to help draft the text; the
author checked and approved every statement. Licence: CC BY 4.0 for this note, MIT for the
Python scripts.
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