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Abstract

We present the Pentametric Cycle (‘0 Hevrauerpucods Kiros), a structure generated by an
integer-valued quadratic formula B(n), the Pentametric Formula. We show that the for-
mula’s correction term, an interpolating polynomial C(m) called the Interval Map, coincides
on every attained residue with the Legendre symbol (%), so that B(n) = (n* +4(%))/5.
We collect ten equivalent forms of P found by the author. They use decimal digits, floors,
a quintic polynomial, cosines (a quadratic Gauss sum), rotations by the golden ratio and
pentagonal angles. We prove that each one computes the same quadratic character, and we
derive the general laws B(n) —n?/5 = :I:% and j:%" for square and circle areas. Reducing
the doubled value 293(n) modulo 10 and halving gives a digit H(n) € {0, 1,2, 3,4}; the sin-
gle rule H : (H — 1) then turns it into silence or one of the four Pythagorean consonances
(unison, octave, fifth, fourth). The sequence H has minimal period 25 = 52 and is even, so
its restrictions to n = 0,...,25 and n = 0, ..., 50 are palindromes. In each period, 9 = 32
terms are silent and the four consonances occur exactly 4 times each, 16 = 42 in all; we
read this split interpretively against the triple 32 + 42 = 52. We prove the Pentametric—
Lucas Theorem: B(L,) = F{ for every Lucas number L,. We also prove its converse: for
n > 1, P(n) is a perfect square if and only if n is a Lucas number. We confirm the au-
thor’s conjecture that the areas at Lucas positions admit a form as simple as the distances:
F,, = round(L;/0.2) for k& > 2. Finally, we relate the theorem to the classical result of
Holden (1975), according to which the centres of spiralling Fibonacci squares lie on two
orthogonal lines at distances L;/v/10 from their intersection. We call this the Geometric
Lucas Meter and fully credit it to Holden. We derive from it two new geometric identities
that make 9 visible in the Fibonacci tiling: a difference of :l:% in square areas and of ;t%”
in circle areas.

Keywords: Fibonacci numbers; Lucas numbers; Legendre symbol; palindromic sequences;
Fibonacci tiling; Pythagorean consonances.
MSC 2020: 11B39 (primary); 11A07, 11B50, 51M04, 00A65 (secondary).



Contents

1 Introduction

2 Definitions and notation

2.1
2.2
2.3
2.4

3 The
3.1
3.2
3.3
3.4
3.5

4 The

5 The

6 The
6.1
6.2

7 The

8 The

9 The
9.1

10 The
10.1
10.2
10.3

11 The

12 The

The Pentametric Formula . . . . . ... ... .......
Supporting notation . . . .. .. ..o
The Interval Map . . . . . ... .. ... ... .......
The derivation of the ratios . . . . . .. ... ... ... ..

family of Pentametric forms
Six ways to compute the correction . . . . . . ... .. ..
The forms of thearea . . . .. ... .. ... .......

The side lengths . . . . . .. ..o oL
The +0.8 and +27/5 laws for everyn . . . . . . ... ..
The last-digit sequences . . . . . . . ... ... ... ...

Doubling (Diapason) and the consonance indicator
fundamental period (the Pentametric Vertebra)

dual structure of the Vertebra
The term count: 25 =52 . . . . . . . ... ... ...,
The transition count: 24 =4! . . . . . .. ... ... ...

full palindrome
counts and the Pythagorean triple

Pentametric—Lucas Theorem
The author’s conjecture: a simple form at Lucas positions

Geometric Lucas Meter (Holden, 1975)

Correspondence with the Pentametric-Lucas Theorem . .
A geometric reading of B in the Fibonacci tiling . . . . .
The angles of the construction . . . . ... ... ... ..

complete nomenclature

structure diagram

13 Musical significance

13.1
13.2

Derived musical facts . . . . . . . ... ...
Interpretive readings . . . . . . . .. ..o

14 Mathematical significance

15 Discussion

16 Conclusion

Acknowledgements

Data and materials availability

[N G; TG SETNGTEN

O © © w0 IV

10

11

12
12
12

12

13

13
14

15
16
16
17

18

19

19
19
19

20

20

21

21

22



References

A Computational verification

22

22

Main results at a glance

Closed form. B(n) = (n®> +4(2))/5; the Interval Map C(m) is the Legendre symbol on
attained residues (Lemma 2.3).

The Pentametric family. Ten equivalent forms of B via digits, floors, a quintic, a Gauss
sum, golden rotations and pentagonal angles (Proposition 3.1, Theorem 3.2).

The +0.8 and +27/5 laws for every n (Proposition 3.4); palindromic last digits of period 50
(Proposition 3.6).

Derivation of the ratios. A seven-step deterministic chain n = m = C(m) = B(n) —
2B(n) = H — p(H) (§2.4).

Vertebra and Palindrome. Period 25; 9 silences and 4 of each consonance; 51-term palin-
drome mirrored at n = 25 (Propositions 5.1, 5.3, 7.1).

Pentametric-Lucas Theorem PB(L,) = F? and its converse: squares occur only at Lucas
numbers (Theorems 9.1, 9.2).

The author’s conjecture confirmed: F) = round(L;+/0.2), mirroring the distance L;/0.1
(Proposition 9.4).

Geometric Lucas Meter (Holden, 1975; Theorem 10.1) and its link to 3: square/circle
identities and the 3-4-5 angles (Propositions 10.3, 10.4).

The Pentametric Palindrome

i,

[ I _—

e .. mirror axis n =0 < 25

N ZanvS

silence B octave 2:1
M| fifth 3:2

|CyP = LV 0.1, B(Ly) = F?

fourth 4:3

B unison 1:1

Figure 1: Graphical abstract. Left: the Fibonacci squares, Holden’s orthogonal lines and their in-
tersection P (star); the centre of the k-th square lies at distance L;/0.1 from P (dotted circles for
k =5,6), and P(L,) = F? is its area. Right: one period (n = 0,...,49) of the consonance sequence
H(n), mirrored across the axis through n = 0 and n = 25.



1 Introduction

The Pythagorean tradition sought to express musical harmony through number. The conso-
nances were understood as ratios: unison (1 : 1), octave (2 : 1, & macaw), fifth (3 : 2, dud mévre)
and fourth (4 : 3, 8wt reoodpwr). The monochord (kavev) was the instrument for measuring them
[6, 7, 8]. All four ratios are built from the numbers 1,2, 3,4 of the tetractys. This paper studies
an integer sequence whose reduced values fall into exactly five classes, which we read as silence
and these four consonances.

The structure emerged from the study of square areas generated by a quadratic expression
in n, worked out by the author with dynamic-geometry constructions (GeoGebra) and spread-
sheet experiments. The resulting formula B(n), the Pentametric Formula, always produces an
integer. When its value is doubled and reduced modulo 10, only five residues remain. The
resulting sequence is periodic and palindromic, and its counts follow the pattern 9 + 16 = 25.

The formula also connects to a classical geometric fact. In 1975, H. L. Holden showed that
the centres of the squares in the Fibonacci spiral lie on two perpendicular lines, and that their
distances from the intersection point are proportional to the Lucas numbers [1]. The result was
extended by Hoggatt and Alladi [2] and later rediscovered in a classroom setting and published
by Gardiner [3]. We show that the Lucas numbers which locate these centres are exactly the
arguments at which 3 returns the areas of the corresponding squares.

Contributions. We separate clearly what is classical from what is claimed as new.

(i) Classical (cited, not claimed): the identity L2 — 5F? = 4(—1)* [5]; Gessel’s characterisa-
tion of Fibonacci numbers [4]; the orthogonal-lines property of the centres of Fibonacci
squares and the Lucas-number distances [1, 2, 3].

(ii) New (this paper): the Pentametric Formula and its nomenclature (§2); the closed form
via the Legendre symbol (Lemma 2.3); the family of ten equivalent forms of 3 and its side
lengths, with the general £0.8 and +27/5 laws and the palindromic last-digit sequences
(§3); the author’s conjecture on a simple form of the areas at Lucas positions, with its
confirmation (§9.1); the periodicity, palindromicity and counting results for H (§§4-8);
the Pentametric-Lucas Theorem and its converse, with complete proofs (§9); the area
and circle identities linking P to the Fibonacci tiling (§10.2); and the musical reading
(§13).

Throughout, results that are proved are stated as theorems, propositions or lemmas. Numero-
logical and musical readings are marked as interpretive remarks. They do not form part of the
mathematical claims.

Conventions. F, =0, F, =1, F  =F,+F,_;Ly=2, Ly =1, L, =L, +L;_,. For

an integer n, (%) is the Legendre symbol modulo 5: it equals 0 if 5 | n, +1 if n = £1 (mod 5),

and —1 if n = £2 (mod 5).

2 Definitions and notation

2.1 The Pentametric Formula

Definition 2.1 (The Pentametric Formula, ‘0 Hevraperpwcds Tvmos). For n € Z~q put

n? +4C(m)

B 26m — 5m?
5 ’ N '

= 4n? 1
m = 4n® mod 10, C(m) 51

P(n) =



The symbol P (fraktur P) stands for Pentametric and is read “the Pentametric of n”. Formula
(1) is one of several equivalent forms found by the author. Lemma 2.3 gives a canonical one,
and §3 collects the whole family.

2.2 Supporting notation

Symbol Meaning
B(n) the Pentametric area
B(n) the side length
PB(n) mod 10 the area’s last digit
2B(n) the doubled area (Diapason, §4)
H(n) the halved digit (consonance indicator)
2(n) the musical annotation (interval interpretation of H(n))

2.3 The Interval Map

Definition 2.2 (The Interval Map, ‘0 Awworparicos Xdprys; also the Harmonic Canon, ‘0 Appovikos
Kavaw). C(m) = (26m — 5m?)/24 is the unique polynomial of degree at most two that inter-
polates the values

Wik DN
—
|
—
|
=

C(m) 0

on the five even residues modulo 10.

The following lemma shows that only three of these five values are ever reached. On those
three, C is a classical arithmetic function.

Lemma 2.3 (Attained residues). For every integer n, m = 4n® mod 10 € {0,4,6}, and

C(4n? mod 10) = (£).

Consequently

T(n) n? —1—4(%) n? %

5 5

2) (2)

and B(n) is a non-negative integer for every n > 0.

Proof. Squares modulo 10 lie in {0,1,4,5,6,9}. Hence 4n2 mod 10 is 0 when n? = 0,5; it is
4 when n? = 1,6; and it is 6 when n? = 4,9 (mod 10). These three cases are exactly 5 | n,
n? =1 (mod 5) and n? =4 (mod 5). In the same order, (%) equals 0,+1,—1. Since C(0) =0,
C(4) =1 and C(6) = —1, the identity follows. For integrality, n? +4 (%) =0, 1+4, 4—4=0

(mod 5) in the three cases. Non-negativity holds because n? > 4 whenever (%) = —1. O

Remark 2.4. The values C(2) =  and C(8) = —1! are therefore never used by the Pentametric
Formula. They are artefacts of the interpolation and carry no arithmetic meaning in 3. Equa-
tion (2) also answers the question of a general closed form for B (n) at arbitrary n. P(n) is the
area n?/5 of a square of side n/v/5 = ny/0.2, shifted by exactly i% to an integer (by 0 when
5| n). This is the “+0.8” phenomenon observed in the author’s GeoGebra constructions and

spreadsheets. §3 develops it, and §10.2 gives it a geometric meaning in the Fibonacci tiling.



2.4 The derivation of the ratios

The ratios are not attached to the sequence position by position. They are produced by a fixed
chain of operations, applied identically to every n. Given n € Z.:

Step Operation Name

1 m = 4n? mod 10 the residue

2 C(m) = (26m — 5m?)/24 the Interval Map

3 B(n) = (n? +4C(m))/5 the Pentametric area

4 2B(n) the Diapason doubling

5 29(n) mod 10 the last digit (always even)
6 H = (2B(n) mod 10)/2 € {0,1,2,3,4} the halved digit

7 p(H)=H:(H—1)for H>2; p(1)=1:1 the ratio extraction

Definition 2.5 (Ratio extraction). The ratio extraction p assigns to each value of H the ratio

p(H) Interval

— silence  no ratio
unison
octave
fifth
fourth

s wo o~ o| X

IEUCIN NCR T
W N = =

For H > 2, p(H) = H : (H — 1) is the ratio of two consecutive members of the tetractys
1,2,3,4. The value H =1 is set to the unison 1 : 1, since 1 : 0 is not a ratio.

Once Definition 2.5 is fixed, the interval at position n is a deterministic function of n:

No value is chosen case by case: Steps 1-6 are arithmetic identities, and Step 7 applies one
rule uniformly to all n.

Table 1: Worked example of the derivation for n = 7.

Step Computation

1 m =4-7%>mod 10 = 196 mod 10 = 6

2 C(6)=(26-6—5-6%)/24 = (156 — 180)/24 = —24/24 = —1
3 PB(7)= (7 +4-(—1))/5b=(49—4)/5=45/5=9

4 2P(7) = 18

5 18 mod 10 = 8

6 H=8/2=4

7

p(4) =4:3 (the fourth, & reoodpwr)

For n = 7, therefore, the interval is the fourth (4 : 3), obtained entirely from the formula. The
same chain applied to n = 0, ..., 50 produces the Pentametric Palindrome of §7.

Remark 2.6. In the terms of Lemma 2.3, Steps 1-3 compute B(n) = (n? + 4(%))/5, and
Steps 4-6 compute H(n) = PB(n) mod 5. Thus the arithmetic content of the chain is the pair
(n? mod 25, (2)), and p o H is a function of n mod 25 (Proposition 5.1).



3 The family of Pentametric forms

The author arrived at 3 through several independent spreadsheet constructions. Fach one
takes a different route to the same areas (n) and side lengths s(n) = /B (n). This section
collects them, gives each its proof, and shows that they all come down to a single fact: every
form computes the quadratic character x(n) = (@) modulo 5 in a different way.

5
Throughout, write

x(n) = (%) ) r = n? mod 10, d = 2n? mod 10, m = 4n? mod 10.
As in the proof of Lemma 2.3, the three cases 5 | n, n? =1 and n? =4 (mod 5) give
Case x(n) r d m
5|n 0 0,5 0 0
n=4+1 (mod5) +1 1,6 2 4
n=+2 (mod5) -1 4,9 8 6

The residue d is also the first decimal digit of n?/5, because n?/5 has fractional part 0, 0.2 or
0.8 in the three cases.

3.1 Six ways to compute the correction

Proposition 3.1 (Selectors of the quadratic character). Fach of the following expressions
equals x(n) for every integer n.

2 _ 2
(i) Interval Map in m: C(m) = %
d> 17d
(7i) Double-square digit: Zp(d), where p(d) = D) + 37—0 Equivalently, p(d) = %X(n) S
{0,40.8, —0.8}.
5 3
— 2
(iii) Square digit: v bt 503:, where x = r — 5.

216

(iv) Sign selector: T'(d) = 2g(d) —[d # 0], where g(d) = d(81; 4) _ 8- 4. g Here g(d) =1

6
if x(n) =+1 and g(d) = 0 otherwise. The Iverson bracket [d # 0] equals 1 when d # 0
and O otherwise.

2 2 4
(v) Trigonometric (Gauss sum): ( m 7rn>.

(vi) Pentagonal angle: with a = 72n mod 360 (in degrees), the value +1 if o € {72,288}, —1
if o € {144,216}, and 0 if « = 0.

Proof. By the table above, each of (i)—(iv) is a function of a residue that takes only three values.
It therefore suffices to evaluate each expression at those three values. (i) C'(0) =0, C(4) =1,
C(6) = —1 (Lemma 2.3). (ii) p(0) =0, p(2) = —3 + £ = 2, p(8) = =& + & = —2. (iii) For
r€{0,1,4,5,6,9} we have v € {—5,—4,—1,0,1,4}. The odd quintic g(z) = 2° — 352 + 250z
takes the values q(+£5) = 0, ¢(0) =0, ¢(1) = 216, q(—1) = —216, g(4) = 1024 — 2240 + 1000 =
—216 and ¢(—4) = 216. So ¢(x)/216 equals 0 for r = 0,5, equals +1 for r = 1,6, and equals
—1 for r = 4,9. (iv) g(0) = 0, ¢g(2) = 1, g(8) = 0; hence T'(0) = 0, T'(2) = 2—1 = 1,
T(8) =0—1= —1. (v) Since cos(27/5) = (/5 —1)/4 and cos(4n/5) = — (/5 + 1)/4, the
bracket equals v/5/2 for n = +1, —/5/2 for n = 42, and 0 for n = 0 (mod 5). This is
the classical evaluation of the quadratic Gauss sum modulo 5 [10]. (vi) @ = 72 (n mod 5), so
a = 72,144,216, 288, 0 correspond to n = 1,2,3,4,0 (mod 5). O



3.2 The forms of the area

Theorem 3.2 (The Pentametric family). For every integer n > 0, the following expressions
are all equal to P(n) = (n? + 4x(n))/5.

n? + 4 C(4n? mod 10)
5 .

(F1) Interval Map form (Definition 2.1):

2 n
+a(n
(F2) Legendre form: 715(5)

2
(F3) The +0.8 form: (n\/0.2)2 +p(d) = % + p(d), with p as in Proposition 3.1(ii).

1r/2n\?2
(F4) Diagonal form: 1[(%) + 3.2T(d)]. Here 2n//5 = 2n\/0.2 is the diagonal-type
length of the spreadsheet construction (sin = 1/v/5, cos = 2/V/5, § = arctan 3 ).

m?—d d(8—d)
= +

10 D quivalently, B(n) = [n?/5]+[n =+

(F5) Floor form: L%J +g(d)
(mod 5) ].

2

2 1
(F6) Reciprocal-digit form: L%J + round<3>, with the convention that the second term is

0 when d =0 and that % rounds up.

n? +4q(r—5)/216
)

1 8 2 4
(F8) Cosine form: 3 {nQ + —(cos TR cos %)] The same expression with the angles

NG 5

in degrees (72n° and 144n°) is the angle form used in the spreadsheets.

(F7) Square-digit form: , with q the quintic of Proposition 3.1(iii).

(F9) Golden-rotation form: Let z = @ e*>™/5 with ¢ = (14 +/5)/2, and write 2™ = C,, +iD,,.

fhen 1 8 (C C2 — D?
B =5+ (G -]

The pair (C,,D,,) obeys the recurrence C, ., = 5C, — kD,,, D,y = kC, + +D,,, with
(Cos Dy) = (1,0) and k = ¢sin72° = £(1 + v/5)v/10 + 2v/5.

2
(F10) Pentagonal-angle form: Lc(n)} where ¢c(n) = 4 if 72n mod 360 € {72°,288°}, ¢(n) =

—4 if 72n mod 360 € {144°,216°}, and c(n) = 0 otherwise.

Proof. (F1) is Definition 2.1, and (F2) is Lemma 2.3. (F3), (F4), (F7), (F8) and (F10) follow
by substituting the corresponding selector of Proposition 3.1 into (F2). For (F4), note that
(2n/v/5)? = 4n?/5 and 3.2 = 16/5. For (F5), write n?> = 5¢ + t with ¢t € {0,1,4}. Then
|2n2/10) = gand d = 2t. Ift = 1 (so x = 1), then B(n) = (5¢+5)/5 = g+1 and g(2) = 1. Ift =
4 (so x = —1), then P(n) = (5g+4—4)/5 = gand g(8) = 0. If t = 0, then P(n) = ¢ and g(0) =
0. (F6) follows from (F5), since round(1/2) =1 = ¢(2) and round(1/8) = 0 = ¢(8). For (F9),
2" = 25 5o C /o™ = cos(2mn/5) and (C2 — D2)/p** = Re(22")/¢®" = cos(4nn/5).
This reduces (F9) to (F8). The recurrence is multiplication by z = ¢ cos 72° + i@ sin 72°, and
cpcos72°:g0‘$:%. O



3.3 The side lengths

Corollary 3.3 (Side-length forms). The side of the n-th Pentametric square is s(n) = \/B(n),
with any of (F1)-(F10) under the root. In addition, s(n) is obtained from the side nv/0.2 of
the “n%/5 square” by a correction §(n) that solves a quadratic equation:

_ —B+VB*+C
- . ,

s(n) =nv0.2 4+ d(n), d(n) B=2nV0.2, C=32x(n).

In other words, § is the larger root of 62 + B — % = 0. Moreover B2+ C = 48(n) > 0, so the
root is always real, and 6(n) — 0 as n — oo.

Proof. B>+ C = 1n? 4+ Lx(n) = 4B(n). Hence § = —nv/0.2+ /PB(n) and nv/0.2+ 6 = s(n).
: 4/5
Finally, |8(n)| = [/n2/5 £ 4/5 — /n?/5| < n//\/S = A forn>1. O

3.4 The +0.8 and +27/5 laws for every n

Two identities found in the spreadsheets hold for every n, not only at the Lucas numbers.
Proposition 3.4 (Area defects). For every integer n > 0:

(a) square defect: P(n) — (nJOﬁf = 2 x(n) € {0,+0.8};

(b) circle defect: if A(n) = §B(n) is the area of the circumcircle of the Pentametric square

and B(n) = 71'(7@\/0.1)2 is the area of the circle of radius n\/0.1, then

A(n) — B(n) = 2% x(n) € {0, j:%r}

Proof. (a) is (F3). (b): A(n) — B(n) = m(2m=n?y _ 7 dx(n) O

Remark 3.5. Note that %" is the central angle of the regular pentagon, and that 7/10 = i . 2%

At n = L, Proposition 3.4 becomes Proposition 10.3: the circle of radius L;+/0.1 is Holden’s
circle through P, and the Pentametric square is the Fibonacci square of side Fj},.

3.5 The last-digit sequences

The spreadsheets track the last digits of n?, of the double square 2n? and of the area 3(n).
All three sequences are periodic and palindromic.

Table 2: Last digits for n = 0,...,10. The selector d = 2n? mod 10 decides the sign of the +0.8
correction.

n o 1 2 3 4 5 6 7T 8 9 10
n? mod 10 o 1 4 9 6 5 6 9 4 1 0
2n? 0 2 8 18 32 50 72 98 128 162 200
d=2n?mod10 0 2 8 8 2 0 2 & & 2 0
p(d) 0 +08 —0.8 —08 +08 0 +08 —0.8 —0.8 +08 0
Pn)mod10 0 1 0 1 4 5 8 9 2 T 0

Proposition 3.6 (Last digits).

(a) n? mod 10 has period 10 and reads 0,1,4,9,6,5,6,9,4,1: a palindrome mirrored atn = 5.



(b) d = 2n? mod 10 has period 5 and reads 0,2,8,8,2: a palindrome mirrored between n = 2

and n = 3.

(c¢) B(n) mod 10 has minimal period 50 = 2 - 5% and satisfies P (50 —n) = P(n) (mod 10).
Hence the 51 last digits of the areas for n = 0,...,50 form a palindrome mirrored at the
Axis n = 25:

0’ 1’ 07 17 4’ 5’ 8’ 97 27 7’ O’ 5’ 87 3’ 0’ 5’ 2’ 77 47 3’ O’ 9’ 67 5’ 6’ 57 6’ 5’ 6’ 97 O’ 3’ 4’ 77 27 5’ 0’ 3’ 87 57 O’ 77 27 97 87 5’ 4’ 1’

Proof. (a) (n + 10)> —n? = 20n + 100 = 0 and (10 — n)? = n? (mod 10); the period is
not 5, since 12 # 62 (mod 10). (b) 2(n + 5)? —2n? = 20n + 50 = 0 and 2(5 — n)? = 2n>
(mod 10); the period is not 1. (c¢): The character x is unchanged by n +— n + 50, and
PB(n + 50) —P(n) = (100n + 2500)/5 = 20n 4+ 500 = 0 (mod 10). Since x(50 —n) = x(—n) =
x(n), we get P(50 —n) —P(n) = (2500 — 100n)/5 = 500 — 20n = 0 (mod 10). Minimality:
by Proposition 5.1, any period of 8 mod 10 is a multiple of 25; and P(26) = 136 £ P(1) =1
(mod 10). O

The Pentametric Palindrome of §7 is the reduction of this sequence: halving 293(n) mod 10
gives H(n) = P(n) mod 5.

Remark 3.7 (A remarkable numerical coincidence: electron shells). The double squares 2n? =
2,8,18,32,50,72,... (n > 1), whose last digit d drives the Pentametric correction, are exactly
the maximum electron capacities of the atomic shells n = 1,2, 3, ... in the hydrogen-like model
of the atom. In that model, the n-th energy level has n? orbital states, each holding two
electrons of opposite spin [9]. The author noticed this coincidence while tabulating 2n? and
its last digits 0,2, 8, 8,2. We know of no mathematical mechanism connecting the Pentametric
correction to atomic structure, and we make no physical claim. The observation is recorded so
that readers familiar with atomic physics may examine it.

Table 3: Where each form appears in the author’s spreadsheets (Lucas -- Fibbonacy & The
Pentametric Cycle.xlsx unless stated otherwise).

Form Sheet and columns

(F1) Pentametric Cycle.xlsx, sheet Pentametric Cycle, cols. B-D; Pmetric Area Formula &
Music, cols. I-K

(F3) Lu-Fib & The Pentametic Cycle, cols. O-Y (“Get 0,8 or —0,8 from last digit of double
squares”); Pmetric Areas Cosine & Pi, cols. C-E

(F4) Lu-Fib & The Pentametic Cycle, cols. Z-AC

(F5) Lu-Fib & The Pentametic Cycle, cols. AY-BA, BB-BH, BL (also via the last decimal digit,
cols. AP-AV)

(F6) Lu-Fib & The Pentametic Cycle, cols. AW-AX, BI-BK

(F7) Pmetric Area Formula & Music, col. H

(F8) Pmetric Areas Cosine € Pi, cols. F-G, I-M; Pmetric Cosine Formula Disected; Pmetric
Area Formula & Music, col. F

(F9) Pmetric Areas — Angles & Phy, cols. B-F

(F10) Pmetric Area Angles Exploration

Cor. 3.3  Lu-Fib & The Pentametic Cycle, cols. AE-AJ (“Applying the quadratic equation”)
Prop. 3.4 Lu-Fib & The Pentametic Cycle, cols. C-L; Pmetric Areas Cosine € Pi, cols. O-R

4 The Doubling (Diapason) and the consonance indicator

Multiplying the area by 2 is read musically as the octave, 8t maoav, the ratio 2 : 1. The last
digit of 23(n) is even, so the ten decimal digits collapse to the five values {0, 2, 4,6,8}. Halving
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recovers a digit in {0, 1,2,3,4}.
Definition 4.1 (Consonance indicator and musical annotation).
H(n) = 5(2%B(n) mod 10) = P(n) mod 5 € {0,1,2,3,4}.

The musical annotation I (n) is the interval assigned to H(n):

H ! Ratio Greek

0 silence — ouwyn

1 unison 1:1 dudrvpor

2 octave 2:1 8w macav

3 fifth 3:2 S mévre

4 fourth 4:3 8w Tecodpwr

Remark 4.2. For h > 2 theratiois h: (h—1), and h = 1 gives 1 : 1. So the four non-zero values
of H produce exactly the ratios formed from consecutive members of the tetractys 1,2, 3, 4.
The extraction rule p (Definition 2.5) is a definition. Once it is fixed, the interval at every n
is computed, not chosen (§2.4). What remains interpretive is the musical meaning attached to
these ratios, not the ratios themselves.

5 The fundamental period (the Pentametric Vertebra)

Proposition 5.1 (Periodicity and symmetry). For all integers n:
(a) H(n+25) = H(n), and 25 is the minimal period;
(b) H(—n) = H(n); hence H(25 —n) = H(n) and H(50 —n) = H(n).

Proof. (a) Since n + 25 = n (mod 5), the Legendre symbol is unchanged, and by (2) B(n +
25) —P(n) = ((n+25)2 —n?)/5=10n+125 =0 (mod 5). The minimal period divides 25, so
it is 1, 5 or 25. It is not 1 or 5, because H(1) =1 # 3 = H(6). (b) () = () (2) = (2),
since —1 = 4 is a square modulo 5; hence PB(—n) = P(n). Combining with (a) gives the

reflections. O

Definition 5.2 (The Pentametric Vertebra, ‘0 llevrduerpos Zmdvdvros). The Vertebra is the block
of 25 =52 terms V = (H(0), H(1),..., H(24)):

vV =0,1,0,1,4,0,3,4,2,2,0,0,3,3,0,0,2,2,4,3,0,4,1,0, 1.

By Proposition 5.1(b), the 24 terms H(1),..., H(24) form a palindrome. Its centre is the
pair H(12) = H(13) = 3, the fifth. The leading term H(0) = 0 is the boundary silence that
the reflection n + 25 — n pairs with H(25) = 0. Thus the block H(0),..., H(25) of length 26
is a palindrome; the 25-term block V' by itself is not.

Proposition 5.3 (Counts in one period). Among H(0),..., H(24), exactly 9 terms equal 0,
and each of the values 1,2,3,4 occurs exactly 4 times.

Proof. H(n) = 0 means PB(n) =0 (mod 5), i.e. n? +4 (%) =0 (mod 25). If 5 | n, this always
holds, which gives n € {0,5,10,15,20}. If (%) = 41, we need n? = 21 (mod 25), whose
solutions are n = +11. If (%) = —1, we need n? = 4 (mod 25), whose solutions are n = +2.
Hence the zeros are {0,2, 5,10, 11, 14, 15, 20, 23}, nine in total. The distribution of the non-zero
values is read off from Table 4. Since H has period 25, this finite check is a complete proof. [

Remark 5.4 (Anatomy of the silences). The nine silences split as 5 + 4. Five come from the
multiples of 5, where B(55) = 5j2. The other four come from the solutions of n? = F4 (%)
(mod 25), namely n = 42, +11.
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Table 4: One full period of the Pentametric Formula. (%) is the Legendre symbol modulo 5.

n 01 2 3 45 6 7 8 9 10 11 12
(2) 0 + -+ 0 + - =+ 0 + -
Pr) 0 1 0 1 4 5 8 9 12 17 20 25 28
Hn) 01 0 1 4 0 3 4 2 2 0 0 3
n 13 14 15 16 17 18 19 20 21 22 23 24 25
() — 4+ 0+ —-——=+0+ — — + 0
P(n) 33 40 45 52 57 64 73 80 89 96 105 116 125
Hn) 3 0 0 2 2 43 04 1 0 1 0

6 The dual structure of the Vertebra

The Vertebra admits two complementary counts.

6.1 The term count: 25 = 52

Counted as terms, the Vertebra has 25 = 52 elements. By Proposition 5.3, these are 9 = 32
silences (‘H Tpuaduc) Zeysf, the Triadic Silence) and 16 = 42 consonances (To Terpdywvor Emépua,
the Square Seed). The Square Seed is made of the four consonances, Ai Téooapes Zvpupwviar, with
4 = 22 occurrences each.

6.2 The transition count: 24 = 4!

Counted as transitions between consecutive terms, the Vertebra has 24 steps H(n) — H(n+1),
0 <n < 23. These are the Twenty-Four Transitions, Ai Eikoot Téooapes Merafdoes. Numerically,
24 = 4! is the number of orderings of the four consonances.

Interpretive remark. The two counts are related by 25 = 24+1. The extra term is the boundary
silence H(0), which the reflection n + 25—n pairs with the Axis (§7). We record the coincidence
24 = 4! as a numerical correspondence only. The 24 transitions comprise 17 distinct ordered
pairs (H(n), H(n + 1)), several of which repeat (for instance (0, 1) occurs three times). There
is therefore no bijection between the transitions and the permutations of the four consonances,
and we make no structural claim beyond the count.

7 The full palindrome

Proposition 7.1 (The Pentametric Palindrome, ‘0 Hevraperpicds Marivdpopos). The 51 terms
H(0), ..., H(50) form a palindrome that mirrors at the Axis n = 25 (0 "Afwv), where H(25) = 0:

H25+t)=H(25—t) (0<t<25).

Inside each half, the inner palindromes H(1),..., H(24) and H(26), ..., H(49) mirror between
n = 12,13 and between n = 37,38, at the pairs of fifths. Writing V = (H(0), ..., H(24)) for the
Vertebra and V for its reversal,

(H(0),...,H(50)) =V ]| 0| V.

The palindrome contains 19 silences (9 in each copy of the Vertebra, plus the Azis) and 32 = 2-16
consonances, 8 of each kind.

Proof. Symmetry is H(50 —n) = H(n), from Proposition 5.1(b). For 26 < n < 50, H(n) =
H (50 —n) with 0 < 50 — n < 24, which is the reversal of V. The counts follow from Proposi-
tion 5.3. O]
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centre {12,13) Axis o =25 centre {(37,38)
IOI4 040 o E¥E o 040 4I0I IOI4 040 o 33 ) 040 4IOI
5 10 15 20 % 30 3 40 45 5

5
Figure 2: The sequence H(n) for n =0, ...,50. Solid lines mark the boundaries and the Axis (n = 25);
dotted lines mark the centres of the two inner palindromes, H(12) = H(13) = 3 and H(37) = H(38) =3
(the fifth).

Remark 7.2. Because H is even and 25-periodic, the structure repeats indefinitely. Every
multiple of 25/2 is a centre of symmetry: the Axes are at n = 257, and the fifths at the centres
are at n = 255 + 12.5. The next palindrome begins at n = 50, sharing its boundary silence
H(50) = 0 with the previous one.

8 The counts and the Pythagorean triple

One Vertebra (n =0, ...,24) Full Palindrome (n =0, ..., 50)

Silence (H = 0) 9 =232 19=2-9+1
Unison (H = 1) 4 =22 8
Octave (H = 2) 4 =22 8
Fifth (H = 3) 4 =22 8
Fourth (H = 4) 4 =22 8
Total 25 = 52 51=2-5%+1

Interpretive remark (The Pythagorean Triple, H Ivfaydpeos Tpuds). In each Vertebra the silences
and the consonances satisfy

32 +42 =52 9 (silences) + 16 (consonances) = 25 (period).

The period 25 = 52 is forced by the denominator 5 in (2). The count of silences is 5+4 (Remark
after Proposition 5.3). That these numbers line up with the first Pythagorean triple is a fact;
whether it reflects anything deeper is left open (§15).

9 The Pentametric—Lucas Theorem

We use the classical identity [5]
L —5F2=4(-1)*  (k>0). (3)
Theorem 9.1 (The Pentametric-Lucas Theorem). For every k > 0,
PB(L,) = FZ, equivalently VEB(L,) = F,.
Proof. Modulo 5 the Lucas numbers are periodic with period 4: (L, Ly, Lo, Lg) = (2,1,3,4).
Hence (%) =—1,41,—1,+1 for k=0,1,2,3 (mod 4), that is,
L
(%) =—(* 4)
In particular 5 } L. By (2), (4) and (3),

L2 —4(—1) B5F2

13



Table 5: Verification of Theorem 9.1 for k£ = 0,...,13. The identity has also been checked by exact
integer arithmetic for all k£ < 59.

k n=1L, (%) Bn) PB(n) Fibonacci
0 2 1 0 0 F,=0
1 1 +1 1 1 F=1
2 3 -1 1 1 F=1
3 4 41 4 2 F,=2
4 7 -1 9 3 F, =
5 11 +1 25 5 F,=5
6 18 -1 64 8§  F,=
7 29 +1 169 13 F,=13
8 47 -1 441 21 Fyg=21
9 76 41 1156 34 F,=34
10 123 -1 3025 55  Fy =55
1 199 +1 7921 80  Fy, =89
12 322 —1 20736 144 F), =144
13 521  +1 54289 233 Fi3 =233

The converse also holds: the Lucas numbers are the only positions at which 3 is a perfect
square.

Theorem 9.2 (Converse). Let n > 1. Then B (n) is a perfect square if and only if n is a Lucas
number. In that case, n = L, and PB(n) = F7.

Proof. Sufficiency is Theorem 9.1. Conversely, suppose B(n) = y* with y > 0. If 5 | n, write
n = 5§ with j > 1; then y? = B(n) = 552, which is impossible. Otherwise (%) =ce€{£l} and
n? =5y —4e. If y =0, then n®> =4 and n =2 = L,. If y > 1, then 5y® +4 or 5y?> — 4 is
a square. By Gessel’s criterion [4, 5], y = F}, for some k > 1. By (3), L2 = 5F2 + 4(—1)*. If
—4e = 4(—1)*, then n = L. If not, then both 5F2 + 4 and 5F? — 4 are squares. Two positive
squares differing by 8 must be 9 and 1, so Fj, =1 and n € {1,3} = {L,, L, }. O

Remark 9.3. Theorem 9.2 corrects an earlier informal statement of the author’s: perfect squares
among the values of P occur only at Lucas positions. At every other n, P(n) is an integer
within % of n? /5 but is not a square. A direct check over 1 <n <2 x 10° returns exactly the
26 Lucas numbers in that range.

9.1 The author’s conjecture: a simple form at Lucas positions

The Geometric Lucas Meter obtains the distance to the k-th centre by a single multiplication,
dj, = Ly - v/0.1. The author conjectured that the area F? should be obtainable from L, in an
equally simple way, without the residue machinery of the general formula. The next proposition
confirms this conjecture in three forms, and shows exactly how far a single multiplication can

go.

Proposition 9.4 (Simple forms at Lucas positions). Let d;, = L;\/0.1 be the Lucas-meter
distance of the k-th centre. Then:

(a) Multiply and correct: F? = (Lk\/0.2)2 —2(=1)F =2d} — (1)~

(b) Multiply and round: for every k > 2, F,, = round(L;+/0.2) = round(v/2d,,), and hence
F? = round(Lk\/O.2)2.

Ly y+ Ly

5 =V 04 (dk—l + dk:+1) fOT k Z 1

(¢) Neighbouring centres (exact): Fj, =
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(d) Limit of a pure multiplication: there is no constant ¢ with F), = c¢ L, for all k, although

F,/L,, — v0.2.

Proof. (a) is (3), using (L;v/0.2)2 = L2/5 = 2d%. (b) With ¢ = (1 — /5)/2, Binet’s formulas
L, = ¢F + ¢F and F), = (p* — ¢*)//5 give Lyv/0.2 — F,, = 2¢%/\/5. For k > 2, |2¢/%/\/5| <
20%/V/5 ~ 0.342 < 1. (c) is the classical identity L, ; + L,y = 5F), [5], together with
v0.1v0.4 =0.2. (d) Fy/L, = 1 while F,/L, = 1. The limit follows from (b). O

Remark 9.5. Form (b) answers the conjecture in the sense intended. Up to rounding, the side
of the k-th Fibonacci square is L; -1/0.2, just as its distance from P is L, -1/0.1. Geometrically,
it is v/2 times the Lucas-meter distance, i.e. the side of the square S .. of Proposition 10.3. Form
(d) shows why rounding, or the exact F1 of form (a), cannot be avoided. That correction is
precisely what the Pentametric Formula supplies, since B(L;) = (L;v/0.2)> + 3x(L;) with
x(L;) = —(—1)*. Formula (b) was verified by exact high-precision arithmetic for 2 < k < 120;
it fails only at k =0, 1.

10 The Geometric Lucas Meter (Holden, 1975)

This section states a classical result. It is due to H.L. Holden [1], was developed further by
Hoggatt and Alladi [2], and was rediscovered by Gardiner [3]. We claim no priority for it.
Holden’s paper, “Fibonacci Tiles”, does not name the result. In the literature it is described
in words, for example “the centres lie on orthogonal lines”. In this paper we refer to it as the
Geometric Lucas Meter (To Tewperpucdv Mérpov Tov Aouka), while fully crediting Holden.

Theorem 10.1 (Holden 1975 [1]; see also [2, 3]). Arrange the squares of sides Fy, Fy, Fy, ... in
the standard Fibonacci spiral, and let C}, be the centre of the square of side F},. Then:

(a) the centres C), with k odd lie on one straight line, and those with k even lie on a second
line perpendicular to the first; the slopes are 3 and —%;

(b) if P is the intersection of the two lines, then

L
|CkP|:\/7£€>O:Lk'\/T10 (k=1).

Holden [1] proves (a) for an arbitrary generalised Fibonacci sequence f;, and gives the
distances as (fj 3 + fi_3)/(2v/10). For the Fibonacci numbers, Fy. 4 + Fj,_5 = 2L, which
gives (b). Hoggatt and Alladi [2] rederive the centres by generating functions and state the
distances as proportional to the Lucas numbers. Gardiner [3] takes the centre of the first square
as origin and obtains the two lines explicitly:

y =3z (odd k), 3y=—(x—1) (even k), P= <1—10,%).

Thus |C, P| = v/0.01 +0.09 = v/0.1 = L;/v/10. In other words, the Lucas number L, counts
how many units of v/0.1 = 4/10/10 lie between P and the centre of the k-th Fibonacci square.

Remark 10.2 (A compact form). In Gardiner’s coordinates, with the spiral turning counter-
clockwise as in Figure 3, put w = —(1 + 3i)/10, so that |w| = 1/4/10. Identifying the plane
with C, the centres are

C,—P=i"1L,w (k>1).

This packages (a) and (b) together: the factor i*~! alternates the centres between the two
perpendicular lines, and L |w| is the distance. We verified this form by exact rational arithmetic
for k < 16.
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Figure 3: The Geometric Lucas Meter (Holden 1975). Fibonacci squares of sides 1,1, 2, 3,5, 8,13, 21.
The centres of odd-indexed squares lie on y = 3z and those of even-indexed squares on = + 3y = 1

(Gardiner’s coordinates). The lines meet at P = (&, %), and |C,,P| = L, /V/10. Grey dotted segments

show |C5P| = 11/4/10, |C4P| = 18/+/10 and |C,P| = 29/+/10.

10.1 Correspondence with the Pentametric—-Lucas Theorem

Pentametric-Lucas Theorem (new) Geometric Lucas Meter (Holden 1975)

Statement B(L,) = F? |C,P| =Ly -/1/10
Role of L, argument giving the area multiplier giving the position
Object the Fibonacci square the centre of that square

Together, the two statements form a complete correspondence: the Lucas number L, simulta-
neously indexes the k-th Fibonacci square (via its area) and locates its centre (via its distance
from P).

10.2 A geometric reading of 3 in the Fibonacci tiling

The two statements are linked by a single geometric construction. This construction, and the
identities below, are the author’s contribution. They correspond to the “4+0.8” and “42w/5”
constructions in the accompanying GeoGebra files.

Proposition 10.3 (Square and circle identities). Let Q) be the Fibonacci square of side F,
with centre C.. Let Iy, be the circle with centre C), passing through P, and let S}, be the square
inscribed in L'y, with a vertex at P. Let ;. be the circumcircle of Q.. Then for every k > 1:

(a) Sy has side L, /\/5 = L;\/0.2 and

Li o 4 4
area(Sy) = T = Fi+ g(—l) = area(Q}) + =

2

(b) area(T')) — area(£2,) = 3

(_1)14:’.
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(c) B removes the discrepancy in (a): P(L,) = area(S,) — 2(—1)* = area(Qy,).

Proof. By Theorem 10.1, T';, has radius rj, = L;/v/10. The inscribed square has diagonal 2r;,
and side 27, = L, /V/5, so its area is L? /5. Part (a) follows from (3). For (b), Q, has radius
F,./V'2, so the difference of areas is m(L7/10 — F2/2) = X (L? — 5F2) = 2X(—1)*. Part (c) is
(2) combined with (4). O

k=4: F{=9, L;/5=49/5=F; +1 k=5 F;=25 L}/5=121/5=F; -4

Figure 4: Proposition 10.3 for k¥ = 4 and k¥ = 5. Shaded: the Fibonacci square @);,. Red: the square
Sy centred at Cy, with a vertex at P (star); its area is L7 /5 = F¢ + 2. Dotted: the circles I', (through
P) and €, (circumcircle of @), whose areas differ by +2F.

10.3 The angles of the construction

The author’s angle tables (Angles.x1sx) tabulate arctan of the ratios 1/3, 1/2, 3/4, 4/3 and
others, together with their sines, cosines and doubles. Two of these angles govern the geometry
above.
Proposition 10.4 (The two angles). Let 6, = arctan% and 6, = arctan % Then:
(a) sinf; = /0.1 and sinf, = \/0.2. These are the unit of the Geometric Lucas Meter and
the side unit nv/0.2 of Proposition 3.4.

(b) Holden’s lines y = 3x and x + 3y = 1 make the angle 0, with the vertical and horizontal
azes of the tiling, respectively. The vector from C| to P is +/0.1 (sinf;, cosb,).

(c) For every k > 1, the sides of the square S) of Proposition 10.3 have slopes % and —2,
that is, they are inclined at 04 to the azxes of the tiling.

(d) 0,40, =7, and tan 20, = %, tan 260, = %. Thus 20, and 20, are the two acute angles of

the 3-4-5 right triangle, and 20, + 20, = 7.

Proof. (a) sinarctant = t/v/1+ t2, which gives \/1110?}3 = \/% and %Z = % (b) This is
immediate from the slopes 3 and —3 and from P — C; = ({5, +5). (c) In the notation of
the remark following Theorem 10.1, P — C\, = —i* 1L, w, whose direction is arg(1 + 3i) +
(k—=1)5 = § —0; + (k—1)5. A side of the square inscribed in I';, with a vertex at P is
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(i — 1)(P — C},), which turns this direction by 2X. Modulo Z, the side direction is therefore
T—0, =10, (d) tan(0, +0,) = 1{?:%2 = 1 (Euler’s arctangent identity). tan 26, = 13/13}9 =3

and tan 20, = 1%1/4 =2 O]

Interpretive remark. Proposition 10.4(d) is a geometric appearance of the triple 32 + 42 = 52
in the Fibonacci tiling. It is independent of the count 9 4+ 16 = 25 of §8. The orientation of
Holden’s lines (#,) and the orientation of the squares S, (6,) are the half-angles of the 3-4-5
triangle.

11 The complete nomenclature

Greek

Transliteration

English

Role

‘0 Mevraperpcos Kikhos

‘0 Tevraperpwcos Hadivdpopos

‘0 Hevrduerpos Zmwovdulos

At Eikoot Téooapes MerafBdoes

‘0 "Aéwv
To Terpdywvov Emépua

H Toadwn Zeyr

Ai Téooapes Zuudwvia

‘H Mvfaydperos Tpuds

‘0 Mevraperpwcos Tomos

‘0 Awworquarwods Xdprys

‘0 Appovikos Kavaw

To Fewperpwcov Mérpov Tod

Aovka

Ho Pentametrikos
Kyklos

Ho Pentametrikos
Palindromos

Ho Pentametros
Spondylos

Hai Eikosi Tessares
Metabaseis

Ho Axon

To Tetragonon Sperma

He Triadike Sige

Hai Tessares
Symphoniai

He Pythagoreios Trias

Ho Pentametrikos
Typos

Ho Diastematikos
Chartes

Ho Harmonikos Kanon

To Geometrikon
Metron tou Louka

The Pentametric
Cycle

The Pentametric
Palindrome

The Pentametric
Vertebra

The Twenty-Four
Transitions

The Axis
The Square Seed

The Triadic Silence

The Four
Consonances

The Pythagorean
Triple

The Pentametric
Formula,

The Interval Map

The Harmonic Canon

The Geometric Lucas
Meter

Whole system
Full palindrome (51)

Fundamental period

(25)
Transitions (24)

Mirror point (n = 25)

Consonance skeleton

(16)
Silence skeleton (9)
The intervals (4)

Structural identity
Generator (B)

Ratio mapper C(m)
Alternative name of
C(m)

Distance to square
centres (Holden 1975)

18



12

13

The structure diagram

‘0 Mevraperpucds Kirkhos (The Pentametric Cycle)

— ‘0 Hevrauerpwds Maivdpopos (The Pentametric Palindrome) — 51 terms
— Part 1: ‘0 Mevrduerpos Zmdvdvros (The Pentametric Vertebra) — 25 = 52
T Terpdywvov Zméppa (The Square Seed) — 16 = 42
Al Téooapes Zvpdoviar (The Four Consonances) — 4 = 22 each
‘H Tpwaducy) Zeysjp (The Triadic Silence) — 9 = 32
Ai Eikoou Téooapes MeraBdoes (The Twenty-Four Transitions) — 24 = 4!
-0 "Afwv (The Axis) — position 25, self-mirroring

— Part 2: ‘O [evrduerpos Emdvdvros reversed — 25 = 52
— ‘O Hevrauerpwos Tumos (The Pentametric Formula) — ‘13(71)
‘0 Aworquarucds Xdprys (The Interval Map) — C(m) = (%)

— ‘H Ixéows Fibonacci-Lucas (The Fibonacci-Lucas Relation) — B(L;) = F?
— ‘H vfaydpeios Tpuds (The Pythagorean Triple) — 32 4 42 = 52

— T6 Tewperpucdv Mérpov Tot Aovka (The Geometric Lucas Meter, Holden 1975) — L, - 1/1/10

Musical significance

This section separates two kinds of statement. The first subsection lists facts that follow by
proof once the ratio rule p(H) = H : (H — 1) of Definition 2.5 is fixed; they are computed,
not interpreted. The second lists readings that connect the cycle to the Pythagorean tradition;
they are interpretive and are not part of the mathematical claims.

13.1 Derived musical facts

1.

All four consonances, in equal number. The ratios p(H(n)) take exactly the values 1 : 1,
2:1,3:2and 4: 3, each four times per Vertebra and eight times per Palindrome, with
nine (respectively nineteen) silences (Propositions 5.3 and 7.1).

The consonances are the tetractys ratios. For H = 2,3,4 the single rule H : (H — 1)
yields 2 : 1, 3: 2, 4: 3: the octave, fifth and fourth, i.e. exactly the ratios of consecutive
members of 1,2,3,4 [7, §].

The fifth at the centre. The two inner palindromes are centred on the pairs H(12) =
H(13) = 3 and H(37) = H(38) = 3, so the interval at each centre is the fifth 3 : 2
(Proposition 5.1).

Symmetric distribution. The interval sequence n +— p(H(n)) is 25-periodic and mirrors
at every Axis n = 255 (Propositions 5.1 and 7.1).

A computed annotation. The musical annotation J(n) = p(H(n)) is determined at every
position n by the seven-step chain of §2.4.

13.2 Interpretive readings

6. The doubling 2B is read as the diapason (octave), the fundamental musical operation;

halving then recovers the consonance indicator.

7. In the Pythagorean tradition, the fifth is the generator of the scale: Pythagorean tuning

is built by stacking fifths and reducing by octaves [6]. That the fifth occupies the centre
of the palindrome (item 3) is therefore suggestive.
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8. The period splits as 32 + 42 = 52 (silences, consonances, period), recalling the first
Pythagorean triple; the same triple appears geometrically in the angles of the construction
(Proposition 10.4).

9. The 24 transitions of a Vertebra match in number, though not one-to-one (§6), the 4!
orderings of the four consonances.

14 Mathematical significance

1. The Pentametric Formula has the closed form B(n) = (n* +4(2))/5. It is the integer
obtained by shifting n?/5 by i% according to the quadratic character of n modulo 5
(Lemma 2.3).

2. The ten forms (F1)—(F10) of P (Theorem 3.2) reach the same areas through digits, floors,
a quintic polynomial, a Gauss sum, golden-ratio rotations and pentagonal angles. They
are unified by the quadratic character modulo 5.

3. The cycle is nested: Palindrome (51) D Vertebra (25) D Square Seed (16) D each Con-
sonance (4). The counts 25, 16,9,4 are 52,42, 32,22,

4. The consonance sequence H is even and has minimal period 25, so it is palindromic about
every multiple of 25/2 (Proposition 5.1).

5. The Pentametric-Lucas Theorem PB(L,) = F? holds for all k¥ > 0, and conversely the
perfect-square values of 3 occur exactly at the Lucas numbers (Theorems 9.1-9.2). At Lu-
cas positions the side is round(L;+/0.2), mirroring the distance L;+/0.1 (Proposition 9.4).

6. In the Fibonacci tiling, the Lucas number L, both returns the area of the k-th square
through P and measures the distance L;+/1/10 to its centre (Holden 1975). The square
and circle identities of Proposition 10.3 make the correction term i% of P visible as a
geometric area.

7. To the best of our knowledge, neither the sequence B(n) (0,1,0,1,4,5,8,9,12,17,...)
nor the sequence H(n) appears in the On-Line Encyclopedia of Integer Sequences [11]
(searched October 2026).

15 Discussion

The Pentametric Cycle sits at the intersection of elementary number theory, the geometry of
the Fibonacci tiling, and the Pythagorean theory of consonance. Its connections to classical
results are the following.

o The Fibonacci-Lucas identity FZ = (L? — 4(—1)*)/5 is the identity underlying Theo-
rem 9.1. The Pentametric Formula extends its right-hand side from the Lucas numbers
to all integers by replacing —(—1)* with the Legendre symbol (%), which agrees with it
on Lucas numbers by (4).

o Gessel’s test for Fibonacci numbers [4] is equivalent to the statement that the square
values of P8 occur exactly at the Lucas numbers (Theorem 9.2).

o Holden [1] showed that the centres of spiralling Fibonacci squares lie on orthogonal lines
at distances proportional to the Lucas numbers. This geometric result complements the
Pentametric-Lucas Theorem: the Lucas number simultaneously indexes the square (via
area) and locates its centre (via distance). Proposition 10.3 shows that the two are linked
by a single construction.
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» The cosine and golden-rotation forms (F8)—(F9) are instances of the quadratic Gauss sum
modulo 5, cos 2T — cos T = @ (%) [10]. This explains why the angles 72° and 144° of
the regular pentagon appear in the author’s constructions.

o Holden’s lines are inclined at arctan %, and the squares S, at arctan % Their doubles are
the acute angles of the 3-4-5 triangle (Proposition 10.4).

e The doubling 28 is the musical octave, and the halving recovers the consonances. The
split 9 4 16 = 25 recalls the triple 32 + 42 = 52.

Open questions.

1. Other moduli. Replacing 5 by another prime p gives the analogous construction ’Bp(n) =
(n? 4+ c(n/p))/p. For which p and c is it integer-valued? Does the analogous consonance
sequence have period p?, and does its zero count again split as a sum of two squares?

2. Other recurrences. Holden’s lines exist for every generalised Fibonacci sequence [1, 2].
Is there a Pentametric formula whose square values are exactly f7 at the companion
sequence for a generalised Fibonacci sequence f;, or for Pell and Pell-Lucas numbers?

3. Other triples. Is there a companion cycle whose counts realise another Pythagorean triple,
such as 5% + 122 = 1327

4. Continued fractions. B(n) is determined by n?/5 and the quadratic character of n modulo
5. What is the precise connection to the continued fraction expansion of v/5, and to
rational approximations of ¢?

5. The transitions. Does the multiset of the 24 transitions, with its 17 distinct pairs, have
an intrinsic combinatorial description?

16 Conclusion

The Pentametric Cycle is a family of equivalent formulas generating a nested palindrome that
encodes the four Pythagorean consonances. We have shown that the Pentametric Formula
equals (n? +4 (%))/5, that its consonance sequence has period 25 with the counts 9+ 16 = 25,
and that it satisfies the Pentametric-Lucas Theorem B(L,) = F{ together with its converse.
Holden’s classical result of 1975 on Fibonacci tiles provides a complementary geometric per-
spective, in which the Lucas number simultaneously indexes the square and locates its centre.
The square and circle identities of Proposition 10.3 join the two perspectives. The formula
and its nomenclature offer a new perspective on the Pythagorean tradition, and open several
directions for further research.
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Data and materials availability

The GeoGebra constructions, spreadsheets and images that accompany this paper are avail-
able in the author’s repository The Pentametric Cycle, https://github.com/1luisgarcia/
The-Pentametric-Cycle. A permanent archived copy of this preprint is available on Zenodo,
d0i:10.5281 /zenodo.23183108. All numerical statements in this paper were verified indepen-
dently by exact integer and rational arithmetic.
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A Computational verification

All claims were checked with exact arithmetic (Python fractions):

o Definition 2.1 and the closed form (2) agree, and P(n) € Z, for 0 < n < 10%; the residue
m takes only the values 0,4, 6.

e H has minimal period 25; the blocks H(1..24), H(0..25) and H(0..50) are palindromes,
while H(0..24) is not.

o Counts: {0:9; 1,2,3,4:4} on 0..24; {0:19; 1,2,3,4:8} on 0..50.

o PB(L,) = F,f for 0 < k < 59; for 1 < n < 2 x 10°, PB(n) is a square exactly at the 26
Lucas numbers in that range.
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o The ten forms (F1)—(F10) of Theorem 3.2, the side-length correction of Corollary 3.3 and
both defects of Proposition 3.4 agree with B (n) for 0 < n < 3000 (exactly for the rational
forms, to 107° relative error for the trigonometric ones). This was checked independently
of, and in agreement with, the author’s spreadsheets.

e The Fibonacci spiral was built with exact rational coordinates for £ < 16. The odd and
even centres are collinear on y = 3z and = + 3y = 1; 10|C,P|*> = L}; and C,, — P =
1
T Lw.
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